we find a strong reduction of finite cut-off effects in the high temperature limit, which persists also down to temperatures a few times the deconfinement transition temperature.
Introduction
With increasing accuracy of lattice calculations it also becomes increasingly important to control and, as far as possible, eliminate the systematic errors introduced through the finite lattice cut-off in numerical calculations. Various procedures to achieve this goal without increasing the necessary computational effort drastically have been suggested in the past, including the early Symanzik improvement programme [1] , renormalization group improved actions [2] as well as the recently constructed perfect actions [3, 4] . The resulting actions are not designed to lead to a better infrared behaviour of lattice regularized field theories. It thus may not have come as a surprise, that the application of these actions in lattice calculations, which aimed at a determination of long-distance properties of asymptotically free field theories, did show little advantages over the standard one-plaquette action originally proposed by Wilson [5] . In particular, this is the case for studies of the finite temperature deconfinement transition in SU(N) gauge theories with Symanzik-improved actions [6, 7] . On the other hand the improved actions are expected to lead to a better ultraviolet behaviour of the theory. This has, for instance, been observed in studies of topological properties [8] or the short distance part of the heavy quark potential [4] . In these cases the unwanted short distance lattice artifacts could successfully be eliminated.
The high temperature behaviour of QCD is close to that of an ideal gas. Bulk thermodynamic quantities are therefore dominated by contributions from large momenta. These, however, are most strongly influenced by finite cut-off effects. One thus may expect that improved actions will be particularly useful for the analysis of bulk thermodynamic quantities. In fact, it is well known that in the standard Wilson formulation of lattice QCD the cut-off effects lead to strong modifications of the high temperature limit of quantities like, e.g. the energy density and pressure [9, 10] . These cut-off effects are O((aT )
2 ) in the pure gauge sector. Calculations on lattices with temporal extent N τ = 1/aT have recently been performed for the SU(2) [13] and SU(3) [14] gauge theories. They clearly show the influence of a finite ultraviolet cut-off on the behaviour of bulk thermodynamic quantities and their extrapolation to the continuum limit. In the standard Wilson formulation [5] lattices with temporal extent N τ > ∼ 8 are needed in order to reduce deviations of, eg. ǫ/T 4 , from the continuum extrapolation below a few percent. The interesting bulk thermodynamic quantities like energy density and pressure all have dimension four. In lattice calculations they are determined from operators, whose expectation values are proportional to N −4 τ = (aT ) 4 . It thus rapidly becomes difficult to calculate these operators with reasonable statistical significance. In fact, the effort to calculate them with a given accuracy on lattices of size N It is the purpose of this paper to quantify the ultraviolet cut-off effects that can be expected to be present in calculations of thermodynamic quantities with improved actions and to examine the relevance of improved actions for the calculation of the equation of state in QCD at high temperature. We will discuss various improved actions and calculate finite cut-off corrections to the high temperature limit of the energy density in leading order perturbation theory. We also will present some numerical results for the pressure of a SU(3) gluon gas calculated with an O((aT )
2 ) improved action. We are going to discuss tree level improved actions (g 2 ≡ 0). As will become clear in the following this leads already to a significant improvement of the high temperature behaviour of bulk thermodynamic quantities in SU(N) gauge theories. There is, however, no fundamental problem which would prohibit the extension of the present considerations to O(g 2 ) improved actions and we will present evidence that this is, in fact, needed for temperatures close to the deconfinement transition temperature.
We will present in the next section two extensions of the standard one-plaquette Wilson action leading to an O((aT )
2 ) improvement of thermodynamic observables as well as a specific choice of an action that leads to an improvement at O((aT ) 4 ). In section 3 we will discuss the perturbative high temperature limit of these improved actions. A first exploratory numerical analysis of these actions and a comparison with the standard one-plaquette Wilson action is presented in section 4. In section 5 we give our conclusions. Various details of our perturbative calculations are given in an Appendix.
Improved SU(N) Actions
In order to eliminate the O(a 2 ) and higher order corrections to the lattice version of the Euclidean action one can add appropriately chosen larger loops to the basic 4-link plaquette term appearing in the standard one-plaquette Wilson action. We will, in particular, discuss here simple extensions of the one-plaquette action, which only involve larger planar loops, i.e. we will consider the generalized Wilson actions,
where W k,l µ,ν denotes a symmetrized combination of k × l Wilson loops in the (µ, ν)-plane of the lattice,
Here we have introduced the short hand notation for long links, L
x,µ = k−1 j=0 U x+jμ,µ and x = (n 1 , n 2 , n 3 , n 4 ) denotes the sites on an asymmetric lattice of size
With a suitable choice of the coefficients a k,l it can be achieved that the generalized Wilson actions reproduce the continuum Euclidean Yang-Mills Lagrangian,
. The standard one-plaquette Wilson action, S (1, 1) , with a 1,1 = 1 and a k,l = 0 for all (k, l) = (1, 1) receives O(a 2 ) corrections in the naive continuum limit. Expanding the link variables, U x,µ = exp(igaA µ (x)), in powers of a one finds
By adding an additional Wilson loop to the action one can achieve that corrections start only at O(a 4 ). In particular we will consider here actions obtained by adding a planar 6-link and 8-link loop, respectively. The non-vanishing coefficients in these cases are,
The action S (1,2) is a specific choice of the 6-link improved actions originally proposed by Symanzik [1] . The action S (2, 2) has recently also been discussed in the context of NRQCD calculations [15, 16] . Its generalization to larger quadratic loops gives a straightforward procedure to eliminate also higher order cut-off effects. Already in O(a 4 ) there exist two independent operators of dimension eight, which contribute to the finite cut-off effects. In general, one thus needs three independent loops of length six and eight in order to eliminate all cut-off effects proportional to a 2 and a 4 , respectively. In an action constructed only from quadratic loops the different operators contribute, however, with the same relative weight. In that case it thus is sufficient to add only two additional, quadratic loops to obtain an O(a 4 ) improved action. We will consider here the case where we add 2 × 2 and 3 × 3 Wilson loops to the plaquette term a . In this case corrections to the continuum limit start only at O(a 6 ). The non-vanishing coefficients for the action S (3, 3) are given by,
In the following we will discuss the behaviour of thermodynamic quantities in the high temperature limit, which are obtained from the partition function, 3 . They are thus represented by expectation values of certain parts of the action, i.e. the operators used to evaluate thermodynamic quantities are improved to the same order as the action. In the following we will show explicitly that the O(a n ) improvement of the action will lead to an O((aT ) n ) improvement of thermodynamic observables.
3 Perturbative High Temperature Limit
The generalized SU(N) Wilson Actions
A suitable quantity for the study of the influence of finite cut-off effects on the thermodynamics of SU(N) gauge theories is the leading high temperature behaviour of the energy density or equivalently the pressure. In the limit T → ∞ the energy density approaches that of a massless, non-interacting gluon gas,
Numerical investigations of the high temperature phase of SU(N) gauge theories show that the energy density rapidly approaches this high temperature limit. More precisely, on lattices with finite temporal extent N τ , it approaches a limiting value, which differs from ǫ SB /T 4 due a This procedure can easily be extended to higher orders. The resulting actions are, however, non-local in the sense that the magnitude of the coefficients of a k × k loop asymptotically only decreases powerlike,
to ultraviolet cut-off effects. At temperatures a few times the critical temperature deviations from this limiting value are generally of the same order of magnitude as the cut-off distortion effects. In order to quantify the approach to the high temperature ideal gas limit it thus is important to reach a good approximation of this limit already on finite lattices. The cut-off effects due to finite values of N τ can be studied in leading order perturbation theory. In fact, in the case of the one-plaquette Wilson action this is known for quite some time [9, 10] .
For the analysis of the high temperature ideal gas limit it is sufficient to evaluate perturbatively the difference between expectation values of space-and timelike parts of the action, 
All other terms appearing in the definition of the energy density are O(g 2 ) and thus do not contribute in leading order perturbation theory [12] .
In the following we will discuss the perturbative calculation of the expansion coefficients S I,(2) σ and S I,(2) τ on finite lattices. Thereby we will also review some of the results obtained in perturbative calculations with the Wilson one-plaquette action on finite, asymmetric lattices [9, 10] . Our notation closely follows [10] . Perturbative results for the Symanzik action, S (1, 2) , on infinite lattices have also been obtained in [11] .
The improved Wilson actions are defined in terms of the link variables b , U x,µ = exp (igA µ (x)). They can be expanded in powers of g 2 and represented in momentum b In the following the cut-off a has been set to unity.
space. Sums in Fourier space we denote by
where p µ = (2π/N σ )n µ , n µ = 0, 1,..., N σ − 1 for µ = 1, 2, 3 and
The lattice gauge fields are defined on the middle of a link,
, and the normalization 2Trλ a λ b = δ ab . We also will use the short hand notation s µ ≡ sin(p µ /2).
For the evaluation of the leading order term in the energy density on finite lattices one only needs to keep the quadratic part in the perturbative expansion of the action, βS I , and introduce a gauge fixing term. We combine both in the form 5) with the inverse propagator
The first term in Eq. (3.6) arises from the expansion of the action and the second term defines the covariant gauge fixing. It is convenient to separate in G µ,ν a diagonal part,
with 8) where With these definitions at hand, it is easy to evaluate the leading order expression for the energy density on finite lattices. Using the O(g 2 ) expansion coefficients for k × l Wilson loops, given in the Appendix, one finds,
and finally
The necessary inversion of the matrix ∆ µ,ν and the evaluation of the sums appearing in Eq. (3.11) have been performed using Mathematica. We have explicitly checked that all our results are independent of the choice of the gauge fixing function g µ (p) and the gauge fixing parameter ξ. In particular we have verified that in the infinite volume limit the O(g 2 ) expansion coefficients are identical for all improved Wilson actions,
We also have evaluated separately the O(g 2 ) expansion coefficients for the expectation values of the different loops appearing in the improved actions. For S (1, 2) our results on an infinite lattice agree with earlier calculations [11] , while we disagree for S (2, 2) with results quoted in [16] c . For the expansion of the plaquette expectation value we find
Cut-off Effects in the Wilson Action
For the one-plaquette action we use the gauge fixing function g µ = 2s µ , which, to lowest order in a, is the momentum representation of the lattice version of ∂ µ A µ .
Choosing the Feynman gauge, ξ = 1, we then obtain a diagonal propagator
This leads to the familiar result for the energy density [10] ,
Eq. (3.15) is the starting point for a discussion of the cut-off dependence of the high temperature limit of the energy density. We will consider here the cutoff dependence in the thermodynamic limit (N σ → ∞) and will comment on the influence of a finite spatial volume later. In the thermodynamic limit the sum over the spatial momenta can be replaced by an integral. The remaining sum over p 4 can be performed explicitly [19] . One then finds, . The right hand side of the above equation can be expanded in powers of 1/N τ ≡ aT , which explicitly shows that the c The gluon propagator given in Ref. [16] for the action S (2, 2) corresponds to a gauge, in which ∆ µ,ν = D µ δ µ,ν . In general, this cannot be achieved with the covariant gauge fixing term given in Eq. (3.6) and therefore does require non-trivial ghost contributions already in leading order perturbation theory, i.e. for the ideal gas [18] . The ghost contribution has not been calculated in Ref. [16] . For this reason the O(g 2 ) result quoted there is not the complete contribution to the expansion coefficient for the plaquette expectation value at that order in g 2 .
leading corrections to the continuum Stephan-Boltzmann law are indeed O((aT ) 2 ) [13] . This expansion is somewhat tedious but straightforward. In next-to-leading order we find
In Figure 1 we show the cut-off dependence of ǫ/T 4 obtained from Eq. finite size correction term given in Eq. (3.17) accounts for more than 70% of the total correction already for N τ ≥ 6.
Improved Actions
Generalizing the discussion of the perturbative calculations with the one-plaquette Wilson action to the case of the improved actions is now straightforward, although the actual calculations turn out to be quite tedious because we did not succeed in finding a gauge fixing condition, which would lead to a simple diagonal propagator.
Details of the perturbative calculations for the various improved actions considered by us are given in the Appendix.
The generalization of the leading order perturbative expansion for the energy density, given in Eq. (3.15) for the one-plaquette Wilson action, now reads
with functions R σ , R τ and R d defined in the Appendix for the different improved actions.
We have evaluated the energy density from Eq. (3.18) numerically. Results for small values of N τ obtained in the thermodynamic limit (N σ → ∞) are summarized in Table 1 . We note that for all improved actions the deviation from the continuum results, ǫ SB /T 4 , is less than 1.2% already for N τ = 6 which is reached with the Wilson action only for N τ ≃ 20. At this level of accuracy it is, in fact, important to consider also the influence of a finite spatial extent of the lattice. A calculation of ǫ(N τ , N σ )/ǫ SB for finite N σ indeed shows that the resulting infrared finite-size effects also are of the order of 1% for N σ /N τ ≃ 4. Some results for finite spatial lattices are summarized in Table 2 . Table 1 : Deviations from the continuum ideal gas behaviour on spatially infinite lattices with temporal extent N τ for the standard one-plaquette Wilson action and various improved actions. In the last row we give the coefficients of the leading cut-off correction term as defined in Eq. (3.19) . The number in brackets gives the difference between the estimate for c I obtained for N τ = 32 and the extrapolated value. The energy density calculated perturbatively from the improved actions will show a cut-off dependence starting at O((aT ) α ), i.e. corrections on lattices with temporal extent N τ will asymptotically be proportional to N −α τ with α = 4 for the cases Table 2 : Deviations from the continuum ideal gas behaviour on finite spatial lattices with temporal extent N τ for the standard one-plaquette Wilson action and various improved actions. 
2) an I = (2, 2) and α = 6 for I = (3, 3),
We have evaluated ǫ/T 4 also for large values of N τ , up to N τ ≤ 32, in order to verify this asymptotic behaviour. In Figure 2 we show estimates for the expansion coefficients, c I (N τ ), obtained at fixed values of N τ by solving Eq. (3.19) for c I . As can be seen, the cut-off dependence indeed shows the anticipated scaling behaviour. The coefficients c I have then been determined from an extrapolation to N τ → ∞, taking into account the subleading correction term proportional to N −(α+2) τ . These numbers are given in the last row of Table 1 . The quoted errors reflect the difference between the extrapolated value and the last calculated approximant for N τ = 32. We note that in the case of the improved actions S (1, 2) and S τ ) contribution, which has been eliminated in the improved actions. In fact, in the case of the improved action S (1, 2) , deviations from the continuum ideal gas behaviour are always less than 1.5% already for N τ ≥ 4, which is to be compared with the nearly 50% deviations at N τ = 4 for the one-plaquette Wilson action. We note, however, that also in this case the leading N −4 τ dependence of the cut-off effects starts dominating only for N τ ≥ 10. This is different for the actions S (2, 2) and S (3, 3) , where the leading correction dominates already for N τ ≥ 6. I at fixed N τ , with α = 2 for the one-plaquette Wilson action (triangle), α = 4 for I = (1, 2) (crosses), I = (2, 2) (circle) and α = 6 for I = (3, 3) (squares). In the limit N τ → ∞ this quantity yields the coefficient c I given in Table 1 .
Monte Carlo Results for Improved Actions
The perturbative calculations have shown that already the O(a 2 ) improved actions I = (2, 2) and in particular I = (1, 2) provide a large reduction of finite cut-off effects in the high temperature (T → ∞) limit even for small values of N τ . We have used these actions as well as the O(a 4 ) improved action, I = (3, 3) , to analyze the cut-off dependence at non-vanishing values of g 2 , i.e. for T < ∞. The recently performed simulations with the one-plaquette Wilson action on lattices with N τ = 4, 6 and 8 [14] do provide here a good basis for a comparison.
In a first step we have evaluated the difference of action densities, studied perturbatively in the previous sections, at finite values of the gauge coupling β on lattices of size 16 3 × 4 (24 3 × 4 in the case of the action S (2,2) ). We have performed calculations of the action differences for the SU(3) gauge theory,
at values of β = 6/g 2 well above the critical value for the deconfinement transition. Some results are given in Table 3 . As can be seen, also at finite values of β the results for the different actions show a cut-off dependence, which is close to the result calculated in the limit β → ∞. In all cases the asymptotic value is approached from above. For the one-plaquette Wilson action this has been shown to be in accordance with the perturbatively calculated O(g 2 ) correction to (ǫ/T 4 ) 0 [10] . This behaviour should not be confused with the correction to the complete energy density, ǫ/T 4 , which is negative. 3 × 4 for I = (1, 1), (1,2) and (3,3) and 24 3 × 4 in the case of I = (2, 2). The last row gives the perturbative result in the limit β → ∞ (the corresponding value in the continuum is ǫ SB /T 4 = 5.2638). Couplings have been chosen well above the critical coupling for the deconfinement transition, which occurs at β c = 5.6908 (2) (I = (1, 1), [20] ), 4.0752 (13) (I = (1, 2), [7] ), 4.3995 (2) (I = (2, 2), [this study]) and 3.7 < β c < 4.2 (I = (3, 3), [this study]). A more detailed comparison with the one-plaquette Wilson action is possible through a complete calculation of the temperature dependence of bulk thermodynamic quantities along the line presented in [14] . This also requires the calculation of the action densities on large, zero temperature lattices. As this is quite time consuming we have performed such a complete analysis only for the action I = (2, 2). On a lattice with four sites in the temporal direction this action leads, in the limit T → ∞, to finite cut-off effects which are of similar size as those found for the one-plaquette Wilson action on lattices with eight sites in the temporal direction. A direct comparison of results obtained with both action thus is possible.
We have calculated the action densities S 
where β 0 is a value of the coupling constant below the phase transition point at which the pressure can savely be approximated by zero. In order to compare this e We refer to Refs. [13, 14] for more details on the formalism.
calculation with corresponding results for the one-plaquette Wilson action, we have to define a common temperature scale. For this purpose we determine the relation between β and the cut-off via the 2-loop renormalization group equation, aΛ = R(β eff ) using there an effective coupling constant obtained in terms of the action density
In the case of the one-plaquette Wilson action, this has been found to be a reasonable parametrization of the temperature scale [14] . Combined with a determination of the critical coupling for the deconfinement transition on the 24 3 × 4 lattice,
the temperature can be expressed in units of the critical temperature T /T c = R(β eff,c )/R(β eff ).
In Figure 3 we show the pressure calculated with the action S (2,2) on a 24 3 × 4 lattice and compare this with the calculations performed with the one-plaquette Wilson action on lattices of size 32 3 × 4, 6 and 8 [14] .
We note that at high temperatures, T > ∼ 4T c , the pressure calculated from the improved action, S (2, 2) , on a lattice with N τ = 4 indeed is in good agreement with results obtained for the one-plaquette Wilson action on a lattice with N τ = 8. This confirms that the improvement of the actions at g 2 = 0 persists also at non-vanishing values of the gauge coupling. For temperatures closer to T c we find, however, results, which are compatible with those obtained with the one plaquette Wilson action. This is not too surprising. Already the analysis of the cut-off effects in calculations with the Wilson action has shown that the magnitude of the cut-off corrections does vary with temperature.
Conclusions
In the high temperature limit the thermodynamics of SU(N) gauge theories is dominated by high momentum modes. In lattice calculations these modes are most strongly affected by the finite ultraviolet cut-off. We have shown here that the use of tree level improved actions for the gauge fields indeed leads to a strong reduction of finite cut-off effects in thermodynamic observables like the energy density or the pressure. The perturbative analysis of the high temperature limit of the energy density has shown that already on lattices with a temporal extent as small as N τ = 4 the cut-off effects can easily be reduced to a few percent. 3 × 4 lattice. This is compared with calculations using the standard one-plaquette Wilson action on lattices of size 32 3 × 4, 6 and 8 [14] . The dashed horizontal lines give the corresponding ideal gas limits for the (1 × 1) Wilson action and the solid line corresponds to the ideal gas limit for the (2, 2)-improved action (see Table 2 ). The arrow points at the continuum result for an ideal gas.
A first Monte Carlo calculation of the pressure of an SU(3) gauge theory using an improved action has shown that this also removes the dominant cut-off effects at non-zero values of the gauge coupling. At high temperatures the calculations performed with an improved action on a lattice with N τ = 4 lead to results which are compatible with those obtained with the standard one-plaquette Wilson action on a lattice with N τ = 8, where this action leads to similarly small cut-off effects. However, closer to T c we also find that the inherently non-perturbative features of the deconfinement phase transition play a much more important role. Here the results obtained with a tree level improved action coincide with those obtained with the standard Wilson action on the same size lattice. Clearly in this temperature region there is need for further improvement of the lattice regularized Yang-Mills action. This can, for instance, be achieved by including one-loop corrections in the coefficients a k,l of the improved action or by determining them through a Monte Carlo renormalization group approach at various values of g 2 . Currently we also investigate the properties of tadpole improved actions [21] .
Of course, considerations similar to those made here for SU(N) gauge theories can also be applied to the fermion sector of QCD. In fact, in this case the influence of finite cut-off effects on the high temperature limit of thermodynamic observables are known to be even larger on lattices with small temporal extent. The calculation of the equation of state of QCD thus should profit even more from the use of improved actions. An investigation of this claim is under way.
Acknowledgements:
The numerical calculations presented here have been performed on a QUADRICS parallel computer funded by the Deutsche Forschungsgemeinschaft (DFG) under grant Pe 340/6-1. It also has been supported by the DFG through the grants Pe 340/3-2 and Pe 340/3-3. F.K. thanks the theory division of CERN for the kind hospitality extended to him during the summer 1995.
A Appendix
We give here explicit expressions for the leading order weak coupling expansion of the action densities on finite lattices for the improved Wilson actions defined in Eqs. (2.1 -2.4), respectively. For completeness we also repeat the corresponding results for the standard one-plaquette Wilson action. In all cases we have checked that the results are gauge invariant.
In addition to the short hand notation s µ ≡ sin(p µ /2) we introduce the abbreviations
The expansion of a symmetrized k × l Wilson loop defined in Eq. (2.2) to O(g 2 ) can then be written as We note that M k,l µ,ν has non-vanishing matrix elements also for (µ = ν). In fact, due to the identity ∆ Adding the gauge fixing functions g µ one can construct the propagator matrix ∆ µ,ν (Eq. (3.6)), which we invert using Mathematica.
The explicit results for the standard one-plaquette Wilson action have been discussed in Section 3.1. We give here the result for the expansion coefficient, S I, (2) µ,ν , for improved actions, which we write in the form In the following we use the convention that all indices specified are mutually different. Permutations of indices that lead to identical expressions are counted only once. Whenever summations over permutations of indices are needed the relevant sums are specified explicitly. We present the result for the (µ, ν) component of the action. The remaining two directions of the 4-dimensional lattice are denoted by (i, j). In those cases where indices can take values from the set (µ, ν) as well as (i, j) we denote them by k, l, m and n. With these conventions we find 
